Abstract. In this short note, we study the gradient estimate of positive solutions to Poisson equation and the non-homogeneous heat equation in a compact Riemannian manifold (M n , g). Our results extend the gradient estimate for positive harmonic functions and positive solutions to heat equations.
Introduction
In the process of the study of the positive solutions to non-local non-homogeneous heat equation (see [2] , [10] , [11] , and [12] ) in a compact Riemannian manifold (M, g):
with the initial data u(0, x) = u 0 (x), where M u 0 (x) 2 = 1 and
we find that it is interesting to study the gradient estimate for positive solutions to the elliptic equation −∆u = A(x), in M and the heat equation (∂ t − ∆)u = A(x, t), in M × (0, T ).
We shall follow the ideas in [9] and [13] , which uses tricks from the works of ChengYau [17] on harmonic functions and Li-Yau [17] on heat equations. However, some new contributions have to be provided since they have treated different situation as ours (see [4] , [7] , [9] and [15] ). It is also clear that our result can be extended to complete Riemannian manifolds. For more related works on complete manifolds, one may look at [7] , [8] , [6] , and [14] .
It is a surprise to us that there is few literature about the gradient estimate for positive solutions to Poisson equations and non-homogeneous heat equations. With this understanding and motivated from the work of L.Caffarelli and F.H.Lin [2] and our paper [9] , we consider the gradient estimates for Poisson equation and non-homogeneous heat equation in a compact Riemannian manifold.
We shall always assume that Ric(g) ≥ K on M for some real constant K. Then we have
For the non-homogeneous heat equation on M × [0, T ), we have the following result.
Theorem 2. Let u > 0 be a smooth solution to the non-homogeneous heat equation
Let, for a > 1,
Then there is a constant
Related local gradient estimates can be extended to complete non-compact Riemannian manifolds, which will appear elsewhere. This paper is organized as follows. In section 2 we prove Theorem 1. In section 3 we do the gradient estimate for a positive smooth solution to the non-homogeneous heat equation.
gradient estimate for Poisson equation
We firstly prove Theorem 1 about the gradient estimate for parabolic equations. Recall here that we are considering the object for Poisson equation on the compact Riemannian manifold (M n , g). We now recall the famous Bochner formula any smooth function v on a Riemannian manifold (M n , g):
This formula will plays a key role in our gradient estimate. Let u > 0 be a smooth solution to the Poisson equation on M
Let Q = |∇w| 2 + A(x)u −1 be the Harnack quantity. Then Q = −∆w. By (3.2), we obtain that
Using the Bochner formula (2.1), we get
Then we have
Then at the maximum point p ∈ M of Q (which can be assumed positive), we have
Using the Cauchy-Schwartz inequality we get for any b > 0,
Hence we have 1 2n
In conclusion we have
This implies that by choosing b = 1/2,
which is the gradient estimate wanted for positive solutions to the Poisson equation. This completes the proof of Theorem 1.
gradient estimate for non-homogeneous heat equation
We now prove Theorem 2. Let u > 0 be a smooth solution to the non-homogeneous
Following Li-Yau [17] we let F = t(|∇w| 2 + aAu −1 − aw t ) (where a > 1) be the Harnack quantity for (3.1). Then we have
and
Note that
Using the Bochner formula, we have
and using (3.2) we get
which can be rewritten as
Applying the maximum principle at the maximum point (z, s), we then have
In the following our computation is always at the point (z, s). So we get
That is
Then at (z, s), |∇w| 2 = µF.
Further more, we have
Substitute (3.5) (3.6) and (3.7) into (3.4), we get Simplify this inequality, we get 2F n 
